Abstract. The analytical solution of the Schrödinger equation for a multiple-quantum-well system subjected to an externally applied electric field in the growth direction and an externally applied tilted magnetic field are obtained and results are discussed. The dependence of the energy spectrum of the system on the external electric field as a function of the orbit centre is also discussed and the behaviour of the wavefunctions of the system is examined.
Introduction
Application of a strong magnetic field to a confined electron system has a pronounced effect on spatial quantization. However, most of the theoretical and experimental work regarding these systems is concerned with the configuration in which the magnetic field is perpendicular, parallel or tilted to the growth direction in which electrons or holes are confined [1, 2] . When a constant homogeneous magnetic field is applied perpendicular to the growth direction, the Landau levels of the confined electrons are formed and the energy spectrum becomes discrete [3, 4] . The fundamental study of the energy spectrum of an electron in a quantum well (QW) or a single-barrier structure is of considerable interest and will be helpful to realize the transport phenomena of the quantum devices [2, 5] .
Theoretical calculations for a square QW system become difficult when an externally applied magnetic field is tilted with respect to the quantization axes, since in this configuration the variables of the Schrödinger equation become inter-related with each other and, except for parabolic [2, 6] and triangular [7] potential profiles, the Schrödinger equation had been thought to be unsolvable analytically. For this reason, several authors have used perturbative or variational approaches to find solutions for these problems. In a paper by Mitronovic et al [8] some of the numerical approaches are given.
The effect of an external magnetic field on the energy levels of a superlattice has been studied by theoretical techniques. Two different approaches have been used: the first is based on a numerical integration of either the Schrödinger equation [9] or a reduced Luttinger Hamiltonian [10] ; the second approach uses the Schrödinger equation by expanding the solutions in a series of analytical functions (such as sine functions) [11] , confluent hypergeometric functions [12] or parabolic cylindrical functions [13] . In a parabolic potential well eigenenergies of two-dimensional electrons subjected to a tilted magnetic field have been solved analytically by Maan [2] . This solution was utilized as a good approximation in analysing the experimental finding of transport measurements of these structures. In our last two papers [14, 15] , we reported electronic properties of a single quantum well (SQW) under external electric and tilted magnetic fields. In this paper, we have studied the energy spectrum of an electron in multiple quantum wells (MQWs) (seven QWs) for different orientations of magnetic field while keeping the electric field parallel to the growth direction. After applying successive transformations, which makes the Hamiltonian separable in terms of the new coordinates, the general solution smoothly goes to the results of two limits where the magnetic field is either parallel or perpendicular to the layers while the electric field is applied to the growth direction as mentioned above. Thus, we can completely solve the Schrödinger equation using an MQW potential as the confining potential and obtain analytical solutions without making any approximations for two-dimensional semiconductor heterostructures under externally applied tilted magnetic and electric fields.
Theory
We consider MQWs (seven QWs) of width L and the potential height V 0 in an externally applied constant uniform magnetic field B in the (x-z) plane B = (B cos θ, 0, B sin θ) where θ is the angle between the direction of B and the x-axis ( figure 1(b) ). The magnetic field can be described by the vector potential A = (0, xB sin θ − zB cos θ, 0), where the gauge is chosen as ∇ ·A = 0. The Hamiltonian of an electron in such a system can be written in SI units as
where µ is the effective mass of the electron and V (z) is the potential energy of the electron in the well which includes the electric field term eF z. The schematic representation of V (z) is given in figure 1(c) . For the present case the functional form of V (z) is
where S(z) is the step function, and the first and last boundaries of the wells are indicated by z = z L and z R , respectively. The other boundaries of the structure are indicated as seen in figure 1(c) and N is the total number of QWs (N = 7). Making use of the translational symmetry in the y-direction, the wavefunction of the system can be written as (r) = exp(ik y y)ϕ(x, z), and by using the vector potential we can rewrite the Hamiltonian of the system as
(3) By using the point canonical transformation
where now the magnetic field B coincides with the x -axis, the Hamiltonian of the system can be written as
where we have used ω = eB/µ for the cyclotron frequency, z 0 =hk y /eB = a 2 H k y for the position of the orbit centre and a H = (h/µω) 1/2 for the magnetic length. In order to decompose the potential energy V (x , z ) we rewrite the step functions in equation (2) as follows:
By considering the above equations we can separate the potential as (see the appendix)
The potentials and the boundaries along the x -and z -axes are given as
Consequently we can decompose the Hamiltonian of the system as
The corresponding one-dimensional Schrödinger equations are given as
where H x describes a one-dimensional MQW system with an effective height of V eff = V 0 sin 2 θ and effective length of L eff = Lsinθ . Similarly, H z describes an MQW system with an effective height of V eff = V 0 cos 2 θ and effective length of L eff = Lcosθ . As seen in equation (10) the H z Hamiltonian depends on k y while the H x Hamiltonian is independent of k y . The solution of the system is given by writing the separated wavefunction as ψ( r) = e iky y χ(x )φ(z ) with the corresponding energy spectrum E = E x + E y + E z . Where contributions from E = E x + E y to total energy E are well known, the solution of the Schrödinger equation in (11) for the x -direction is given in terms of Airy functions (Ai and Bi) [16, 17] . H x had also hardly been worked during the last 15 years in low-dimensional systems to find WannierStark localization [18] [19] [20] [21] . Now, we will solve the H z Hamiltonian, which includes a magnetic field term.
By using u = z 0 −z and the dimensionless variablesũ = ( √ 2/a H )u,Ẽ z = E z /hω andṼ 0 = V 0 /hω, the Schrödinger equation corresponding to the z -motion becomes
where as explained in equation [8] .
cos θ . If we shift to the normalized coordinateũ by an amount +2β,ζ =ũ + 2β the Schrödinger equation is written in the new coordinate as
The solution corresponding to the z -motion is given by the well known Weber functions [16] .
where ( 
Results and discussion
In this paper the following parameters are used in the numerical calculations: In an MQW structure, the master equation depends on only three independent variables, m, θ and k y ; the dependence of m on k y and θ can be evaluated numerically if the valuesṼ 0 ,ζ L andζ R are given by the external electric field F and thus for a givenβ. Without loss of generality, and for simplicity, we have chosen the boundaries of the wells
sinθ after the coordinate transformation, which satisfies the following equation:
derived from equation (9) . The well width is comparable to the magnetic length a H and the energy levels are quantized by the combined effects of spatial confinement that are barriers of the QWs and Landau levels. Consequently, the orbital motion of electrons is reflected by both potential barriers (initial and final) of each QW and energy levels with energy smaller than the barrier height are spatially localized. As seen in equation (10) • , 54
• and 60
• , which denote the values of the angle between the magnetic field direction and the x -axis, where the choice of the angle 54
• is arbitrary. In figures 2(a)-(c), one can see that beyondz 0 350 Å the orbit centre is far away from the initial and final barriers and the characteristic is totally dominated by bulk Landau levels except for a shift of barrier height V 0 in this region. This means inz 0 350 Å the cycloid motion of electrons is not affected by the initial and final barriers, that is to say, the electrons do not see the potential barriers essentially. In the region −350 Å z 0 350 Å, the cycloid motion of an electron reflected by the initial and final barriers forms a skipping orbit and the energy levels are quantized to edge states and strongly depend on the potential barrier heightṼ 0 . As the energy increases, we see that energy levels start showing a mixed character between spatial and magnetic confinement. In figures 2(a)-(c), one can see the energy lowering of the ground state in the middle of wells (z 0 = 0) due to the combined effect of spatial and magnetic confinement. Another important behaviour of the energy levels is in the region 100 Å z 0 350 Å, where the transition from localized to extended states occurs. Here we see that as the energy orz 0 values increase, levels start oscillating to find the most suitable Landau levels and finally become an extended state as described by Lee et al [22] . These results clearly show two different types of energy state: the states confined in the QW (the lowest level in figures 2(a)-(c)), and extended states (the higher levels in figures 2(a)-(c) ). When the energies of the lower states are less than the height of the potential the particles are considered to be mostly localized in well regions. For higher states we begin to see the domination of bulk Landau levels at largerz 0 values due to the higher energy and larger cycloid radius. As the tilt angle θ increases, we see that the spatial confinement effects are less and less pronounced; for this reason the Landau levels start taking over for smallerz 0 and energy values. As θ goes to 90
• , the quantum structure totally disappears, leaving its place to bulk structure; therefore, energy levels smoothly go to bulk Landau levels. Figure 2. (a) A plot of the electronic energy spectrum, energy (meV) versus orbit centre z 0 (Å), for an MQW structure subjected to an externally applied tilted magnetic field for tilt angle θ = 45
• . (b) A plot of the electronic energy spectrum, energy (meV) versus orbit centre z 0 (Å), for an MQW structure subjected to an externally applied tilted magnetic field for tilt angle θ = 54
• . (c) A plot of the electronic energy spectrum, energy (meV) versus orbit centre z 0 (Å), for an MQW structure subjected to an externally applied tilted magnetic field for tilt angle θ = 60
• . The change of the potential profile and square of wavefunctions versus z 0 for an MQW structure subjected to an externally applied magnetic field for tilt angle θ = 54
• . (c) The change of the potential profile and square of wavefunctions versusz 0 for an MQW structure subjected to an externally applied magnetic field for tilt angle θ = 60
• .
In the presence of an electric field, we have also investigated the variation of the numerical solution of energy versus the orbit centrez 0 for different θ values. Each energy level decreases by a constantβ 2 atz 0 = 0, which is proportional to −F 2 . As seen in the spectra given in figures 3(a)-(c), each level has also a slopeβ in the Landau dominant regions with respect to the F = 0 value. In the well region under the effect of spatial confinement each level shifts to the positivez 0 values by 2β. The change of the potential profile and square of wavefunctions versusz 0 for an MQW structure subjected to an externally applied magnetic field for tilt angle θ = 54
• and electric field strength F = 5 × 10 4 V cm −1 . (c) The change of the potential profile and square of wavefunctions versusz 0 for an MQW structure subjected to an externally applied magnetic field for tilt angle θ = 60
• and electric field strength F = 5 × 10 4 V cm −1 .
Figures 4(a)-(c) show the change of the potential profiles and square of wavefunctions versusz in the absence of an external electric field. The shape of the potential profiles is strongly dependent onz 0 . If we choose thez 0 point in the middle of the effective potential profile in the absence of the external electric field, the wavefunction of the system is symmetric aboutz 0 , which shows the minimum of the potential profile. Figures 5(a)-(c) show the change of the potential profiles and square of wavefunctions versusz under the influence of an external applied electric field. Under an externally applied electric field, the minimum of the potential shifts to thez 0 +2β value and the localization occurs on the left-hand side of this point. The next study will include photon absorption depending on its polarization.
In summary, we present the solution of the Schrödinger equation of a multiple-square-well potential problem under the influence of an externally applied tilted magnetic field by making the Hamiltonian separable via a substitution followed by a orthogonal transformation. Then, we discuss the energy of the system as a function of tilted parameter θ and the centre of the cycloid orbit centre of the electron, where we find that in both limits of θ the results are in complete agreement with that of previous work found in literature. It is also found that if the orbit centre is moved far away from the QW the usual bulk Landau levels take over with a shift of V eff in energy.
The oscillatory behaviour of the energy states as a function of z 0 (middle region in the figures) may well be interpreted as an oscillatory kind of effective mass, since the wavevector is in the same direction as z 0 . As far as we know, such an oscillatory effective mass has not been observed experimentally. Therefore, it can only be speculated that this could be featured as a broadening of the linewidth in the PL spectra, where band-to-band recombination processes are involved with this periodicity in the presence of an electric field and a high magnetic field.
